We study mixing of the Dirac neutrinos in the residual symmetries approach. The key difference from the Majorana case is that the Dirac mass matrix may have larger symmetries: G ν = Z n with n ≥ 3. The symmetry group relations have been generalized to the case of Dirac neutrinos. Using them we have found all new relations between mixing parameters and corresponding symmetry assignments which are in agreement with the present data. The viable relations exist only for the charged lepton residual symmetry G = Z 2 . The relations involve elements of the rows of the PMNS matrix and lead to precise predictions of the 2-3 mixing angle and certain ranges of the CP violation phase. For larger symmetries G , an agreement with data can be achieved if ∼ 10% corrections related to breaking of G and G ν are included.
I. INTRODUCTION
The residual symmetry approach [1] is one of the appealing possibilities to explain the lepton mixing. According to this approach, the mixing originates from different ways of the flavor symmetry breaking in the neutrino and charged lepton Yukawa interactions. These different ways of breaking lead to different residual symmetries, G ν and G , of the neutrino and charged lepton mass matrices [2] [3] [4] . The residual symmetries ensure certain form of the mass matrices, and consequently, the mixing matrix. The observed pattern of lepton mixing close to Tri-BiMaximal (TBM) mixing is hardly connected to the neutrino and charged lepton masses or ratios of masses. For this reason the "generic" symmetries G ν and G were used which exist for arbitrary values of masses (eigenvalues of the mass matrices). In this way symmetry provides complete control over the mixing. For the Majorana neutrinos maximal generic symmetry is given by the Klein group Z 2 × Z 2 . Depending on selected residual groups and symmetry assignments for the leptons, different mixing matrices and relations between the mixing matrix elements can be obtained. The general relations [5, 6] , the case of Z 2 symmetry [7] and maximal CP violation [8] have been discussed.
Unfortunately, realizations of this approach in consistent gauge models are rather complicated and not very convincing: apart from set of new fields (flavons), they contain a number of assumptions, new parameters and additional symmetries with ad hoc charge assignments (see [2] [3] [4] 9] for reviews). In view of this, existence of symmetries behind lepton mixing, and in particular, residual symmetries is still an open issue.
The standard way to obtain predictions for mixing angles consists of model-building, construction of mass matrices, and finally, diagonalization of these matrices. It was realized, however, that predictions for mixing angles can be obtained from knowledge of the residual symmetries immediately without model-building [5, 6] . The symmetry group relation has been derived which includes the mixing matrix, U PMNS , and the matrices of transformations of the residual symmetries of neutrinos, S, and charged leptons, T , in mass basis [6] . The symmetry group relation is an efficient tool to explore possible consequences of various symmetries. Once viable relations and corresponding symmetry assignments are realized, one can proceed with model-building.
It is widely believed that neutrinos are Majorana particles and smallness of neutrino mass is related somehow to the Majorana nature of neutrinos. Therefore, most of the studies of discrete residual symmetries have been performed for Majorana neutrinos. However, it is possible that neutrinos are the Dirac particles and, in fact, there is a number of mechanisms and models which lead to small Dirac neutrino masses [10] , e.g. Dirac seesaw, Peccei-Quinn symmetry, extra dimensional mechanisms, chiral symmetry, etc. Consequences of some discrete flavor symmetries for the Dirac neutrinos have been studied [11] .
In this paper we will consider applications of the residual symmetry approach to the Dirac neutrinos. For this we will use generalizations of the symmetry group relation. The goal is to see if new relations between the mixing parameters can be obtained in the case of Dirac neutrinos with the hope that their simpler realizations are possible in consistent gauge models.
The paper is organized as follows. In sec. II we consider the symmetry group relation for Dirac neutrinos. We study the case of Z 2 residual symmetry for charged leptons (m = 2) in sec. III. Z m symmetry with m > 2 for charged leptons will be explored in sec. IV. In sec. V we discuss some further considerations and generalizations. Discussion and conclusions are presented in sec. VI.
II. SYMMETRY GROUP RELATIONS FOR DIRAC NEUTRINOS
We introduce the diagonal mass matrices of charged leptons, m , and Dirac neutrinos, m ν , as well as the PMNS maxing matrix, U PMNS , according to the following Lagrangian
Let S and T be the matrices of transformation of the left-handed (as well as right-handed) components of neutrinos and charged leptons that leave the mass matrices invariant:
So, S and T are generators of the residual symmetry groups G ν and G in the mass basis.
For discrete finite symmetry groups, there should be integers n and m such that
Then the symmetry group condition reads [6] 
where p is an integer number. Equivalently the condition can be transformed to [6] Tr
where
i.e., λ β are the p-roots of unity. The three selected roots in Eq. (6) satisfy the condition
which guarantees that the symmetry group G ν × G can be embedded in SU (3) . Values of a p , for different p, which satisfy Eqs. (6) and (7) are shown in Table I . Notice that for p ≤ 3 the value of a p is unique. 
The relation in Eq. (5) is general and valid for both Majorana and Dirac neutrinos. Its derivation is completely the same in both cases.
In general, the symmetry transformation matrix T can be written as
The finiteness of the group, Eq. (3), allows to parametrize φ α as
and k α are integers. The condition det[T ] = 1, which means that the symmetry group generated by T can be embedded in SU (3), implies that k e + k µ + k τ = mq k , where q k = 1, 2, and so for a given q k just two of k α are independent. If one of k α is zero, each transformation is determined by a single parameter k. For example, for k e = 0, we have
where we introduced the subscript of T which correspond to the lepton which does not transform under T . In the same way we can introduce independent symmetry transformations
In general m and k in T (µ) and T (τ ) can be different, so that the total symmetry group is
We will keep the general form of T , as in Eq. (8), for our calculations.
Similarly to (8) , for the Dirac neutrinos, the transformation S is given by
From Eq. (3), we can parametrize the phases as ψ i = 2πl i /n with 0 ≤ l i < n. The condition
so that two l i are independent.
In general three independent generators can be introduced and the total neutrino mass matrix symmetry is Z n × Z n × Z n . For Majorana neutrinos the generic (mass independent) symmetry exists only for n = 2. So, the new possibilities which are specific to the Dirac neutrinos consist of symmetries with n > 2.
Recall that the symmetry group condition stems from the fact that S and T originate from the same finite discrete group. In the flavor basis the charged currents are diagonal and whole information on mixing is encoded in the mass matrix of neutrinos, which is now
In this basis the symmetry transformation is given by S U = U PMNS SU † PMNS . Then, the condition that S U and T form the same finite group is that their product belongs to the same group and some integer p exist such that (S U T ) p = I.
This condition coincides with the symmetry group relation in Eq. (4).
The parameters n, m and p in Eqs. (3) and (4) define the von Dyck group D(n, m, p).
The case of Majorana neutrinos discussed in [6] is the special case with n = 2. The von Dyck group is a finite group if
Introducing the real and imaginary parts, a p = a R p + ia I p , we obtain from Eqs. (5), (8) and (10) the following relations
They are generalization of equations obtained in [6] for n = 2. The Eq. (13) provide relations between moduli squared of the all elements of U PMNS for specific "symmetry assignment".
In general, all the elements of PMNS matrix are involved in each equation in (13) . However, for some specific values of the phases φ α and ψ i , these equations can be reduced to relations between the elements of one row or column of the U PMNS . This is the case if the phases are 0 and π; i.e., if n = 2 or m = 2.
The two relations in Eq. (13) between the 4 independent parameters (three angles and CP phase) allow, e.g., to predict two of them, once two others are fixed by experimental data.
If one adds an additional transformation S or T , two more relations with different values of φ α and ψ i will appear. If consistent, this can fix all the mixing parameters completely.
In what follows we obtain the relations for various symmetry assignments and confront them with experimental results, thus identifying phenomenologically viable possibilities. The symmetry assignment consist of specifying (i) von Dyck group parameters (n, m, p), (ii) the values of neutrino charges under the transformation S, (l 1 , l 2 , l 3 ), (iii) the values of charged lepton charges under the transformation T , (k e , k µ , k τ ), (iv) the value of a p , for p ≥ 4.
Recall that n = 2 is the only possibility for Majorana neutrinos and therefore the only common case to both Majorana and Dirac neutrinos, which has been explored in [6] . In this case ψ i = 0 and π and the relations in Eq. (13) are reduced to relations between elements of the columns of U PMNS . These two relations and unitarity condition fix the column completely.
The column number i is determined by the neutrino mass state ν i which is invariant under S, i.e. has ψ i = 0. All the relations obtained in [6] for the Majorana neutrinos are valid also for the Dirac neutrinos in the case n = 2. However, model-building for the Dirac neutrinos can be different.
In what follows we search for new relations between mixing parameters which are specific to the Dirac neutrinos.
III. RELATIONS BETWEEN THE MIXING PARAMETERS FOR
In the case of m = 2 the only symmetry assignments for the charged leptons consistent with the condition α k α = mq k are k α = (0, 1, 1), (1, 0, 1) and (1, 1, 0) . They correspond to one of the phases φ γ = 0 and two others equal φ α =γ = π. Inserting this set of phases in
Eq. (13) we obtain
Thus, the symmetry group relation, with the unitarity condition, determine all elements of the γ-row of the mixing matrix. Recall that in (14) the index γ corresponds to the lepton invariant under transformation T : k γ = 0.
The solution to Eq. (14) is 
where ψ ij ≡ ψ i − ψ j 1 . The solution is valid for any value of n and p.
There are interesting properties of Eq. (15) which we will use in our further considerations.
If a p is real (a I p = 0) and one of the phases ψ i = 0, i.e. the corresponding symmetry parameter l i = 0, the equations in Eq. (15) are invariant with respect to the permutation of two other (nonzero) parameters l j ↔ l k . So, the assignments (0, l 2 , l 3 ) and (0, l 3 , l 2 ) or (l 1 , l 2 , 0) and (l 2 , l 1 , 0), etc. will lead to the same solution in Eq. (15). Indeed, l 2 + l 3 = n, or ψ 2 = 2π−ψ 3 , therefore permutation of l 2 and l 3 is equivalent to:
This change the sign of both numerator and denominator, thus leaving the whole expressions in Eq. (15) invariant.
We performed scan of all possible symmetry assignments, satisfying Eq. (12), and identified the phenomenologically viable ones; i.e., symmetry assignments which lead to relations 1 Eq. (15) differs from relations in [6] by substitution: φ e → ψ 1 , φ µ → ψ 2 and φ τ → ψ 3 .
among the mixing parameters in agreement with experimental data. The latter has been done in the following way: for fixed values of θ 13 and θ 12 , the two symmetry relations in Eq. (14) determine the values of θ 23 and δ. We find regions of θ 23 and δ by varying the angles θ 13 and θ 12 in the 3σ allowed ranges from the global fit of the neutrino oscillation data. Then we confront this prediction with the allowed regions in the (sin 2 θ 23 , δ) plane. The results are shown in Figure 1 where the solid, dashed and dot-dashed curves show the allowed regions respectively at 1σ, 2σ and 3σ confidence level from global analysis of neutrino oscillation data (including the latest T2K [12] and NOνA [13] data) taken from [14] . The black point inside the 1σ regions shows the best-fit point.
We find only three symmetry assignments that lead to predictions compatible with the experimental data, at least at 3σ level. These are shown by colored regions in Figure 1 .
All of these possibilities have one l j = 0, and the corresponding phase ψ j = 0. In this case the condition in Eq. (11) is reduced to
will consider general case of all nonzero values of l j in sec. V.
Below we describe the viable possibilities in detail. (µ-row), which we call the µ-solution, or φ τ = 0 (τ -row, the τ -solution) we obtain
The case φ e = 0 is inconsistent with the data. The main feature of solutions in Eq. (16) is
In terms of the mixing angles the µ-solution (in the standard parametrization of the PMNS matrix) reads ≈ 0.445 . The solid, dashed and dot-dashed curves determine the allowed regions from global analysis of oscillation data, respectively at 1σ, 2σ and 3σ [14] .
Due to high accuracy of the measurements of θ 13 angle, and the smallness of this angle, the value of θ 23 is fixed rather precisely. The second relation in Eq. (18) 
where B = 0.436. The first two terms in the numerator of Eq. (20) have comparable values and the last term, proportional to s 2 13 , is small. Consequently, even small variation of c 2 12 lead to significant change in the value of cos δ. These features can be seen in Figure 1 : the red region shows the predicted ranges of parameters (sin 2 θ 23 , δ) which are obtained using
Eq. (18) with uncertainties of θ 13 and θ 12 taken into account (i.e., varying the θ 12 and θ 13 in 3σ allowed ranges). The black cross in the red region shows the prediction from Eq. (18) assuming the best-fit values of θ 13 and θ 12 .
The µ-solution is in good agreement with data in the first quadrant in the case of normal mass hierarchy. The best fit value of the phase δ = 1.25π, and maximal allowed phase, and a 3 = 0 lead to
Rewriting this relation in terms of mixing parameters gives relations similar to Eq. (21) with
36. The prediction from Eq. (23) is shown by the orange region in Figure 1 . According to Eq. (23)
which deviates from maximal mixing significantly being at the border of 3σ allowed region.
Again δ is close to π. The µ-solution with φ µ = 0 is excluded at 3σ level.
The symmetry of the prediction regions in Figure 1 with respect to δ = π comes from the cos δ dependence of the moduli of mixing elements.
IV. THE CASES WITH G = Z m AND m > 2
As we have mentioned in sec. II, for symmetry groups with n, m > 2 the relations in Eq. (13) cannot be reduced to constraints on the elements of single column or row of the U PMNS matrix. We find that all the symmetry assignments with m > 2 (which include D (3, 3, 2) , D (3, 4, 2) , D (3, 5, 2) , D (4, 3, 2) and D (5, 3, 2) ) lead to relations between matrix elements which are incompatible with the experimental data at 3σ level. To elucidate the reason behind this result we consider one example in details.
D(3, 3, 2) ≡ A 4 : for this assignment the first relation in Eq. (13) leads to
where α, β and γ are all different and should be selected from (e, µ, τ ), also i, j and k are all different being selected from (1, 2, 3) depending on various assignments for (k e , k µ , k τ ) and
The key feature of the equality in Eq. (25) (13) for the first combination leads to the equality
which can be reduced to 
and θ 23 = θ 12 . For the second combination the relation can be obtained by µ ↔ τ permutation, which finally leads to θ 23 = π/2−θ 12 . Both relations are excluded by experimental data.
Notice, however, that the current best fit values are sin θ 23 = 0.67 and sin θ 12 = 0.56, so that ∼ 10% corrections to the equality sin θ 23 = sin θ 12 can bring these relations to agreement with the data.
For the other symmetry groups with m > 2 similar arguments can be found showing the exclusion by experimental data, which we have checked also by numerical calculation.
V. FURTHER CONSIDERATIONS AND GENERALIZATIONS
Here we lift some of the conditions imposed in the previous sections.
1. Let us relax condition that one of the phases ψ i is zero. Notice that for m = 2 the equality φ α = 0 for one the phases is unavoidable. It is straightforward to check that the equality det[S] = 1 can be satisfied with all nonzero values of l i only for n ≥ 3. In the following we take m = 2 and explore the cases with n ≥ 3.
For n ≤ 5, the condition det[S] = 1 or (11) can be satisfied (with all the l i being nonzero) when at least two of the l i are equal. Indeed, for n = 3, the possibilities are l j = (1, 1, 1) (q l = 1) and l j = (2, 2, 2) (q l = 2). In the case of all equal charges l j , and therefore the phases ψ j = ψ, the conditions in Eq. (14) are reduced (due to unitarity) to the inconsistent equalities sin ψ = cos ψ = 0. For n = 4 two assignments satisfy condition (11): l j = (1, 1, 2) (q l = 1) and l j = (2, 3, 3) (q l = 2). For n = 5 we have (1, 1, 3) , (1, 2, 2) (q l = 1) and (4, 3, 3) , (4, 4, 2) (q l = 2) (with all possible permutations of charges). General feature of all these assignments is that two charges and therefore two phases are equal. Denoting equal phases by ψ , we get for the remaining phase ψ j = 2πq l − 2ψ . Then the relations in Eq. (14) are reduced to
where γ corresponds the charge lepton with zero phase φ γ = 0 and j -to the neutrino with unequal phase.
Explicitly, for n = 4 we have ψ = π/2 or ψ = 3π/2 and then Eq. (28) gives |U γj | 2 = 0.5(1 − a R p ) and |U γj | 2 = −0.5a I p . These two equalities are inconsistent for a 2 and a 3 . For p = 4 the finiteness condition (12) is not satisfied. Assuming that in this case a subgroup can be made finite and using a 4 = 1 or −1 − 2i we obtain |U γj | 2 = 0 or 1. The first case may still work for γ = e and j = 3, i.e. for U e3 , in the first approximation.
For n = 5, the phase ψ can be 2π/5, 4π/5, 6π/5 and 8π/5. We have checked that none of these ψ values, and possible values of a p , lead to a consistent solution of Eq. (28).
For n ≥ 6, there are more assignments that satisfy the condition (11) with all nonzero l j , both when two l j are equal and when they are all different. Furthermore, the finiteness of group, Eq. (12), requires that p = 2 and consequently a 2 = −1. When two l j are equal, the relations in Eq. (14) lead to cos 2ψ = cos ψ and therefore to zeros in the denominator of relations in Eq. (28). For the case of all different l j , we have numerically checked that no viable solution of Eq. (14) exist.
Thus, generally, when m = 2, there is no viable symmetry assignment with all nonzero charges l j .
2. We have numerically checked that also for m > 2 no symmetry group relation compatible with the data and with all nonzero charges l j can be obtained.
3. In all the considered examples in secs. III and IV symmetry fixes two out of four mixing parameters in U PMNS . All the 4 mixing parameters can be determined by symmetry if additional symmetry transformation, S or T , is introduced. This gives second symmetry group relation which can lead to two new relations between the matrix elements.
Let us consider the second transformation T . We can take m = 2 (but with different assignment for k α than the assignment for T ). In this way we can fix the elements of both µ-and τ -rows. However, as we see in Figure 1 the µ-and τ -solutions are inconsistent with each other (the corresponding regions do not overlap). In sec. IV we have shown that for m > 2 there is no solution compatible with data for any n ≥ 3.
Let us consider a second neutrino transformation S and single T with m = 2. For n ≥ 3 again the second symmetry group condition will give one of the viable solutions described above. Again, since any two different obtained solutions are incompatible, adding such S will be inconsistent.
Finally let us consider the case of S with n = 2 (and T with m = 2). In this case the second symmetry group condition is characterized by n = m = 2 and arbitrary p. In this case the phases of transformations are 0 or π, both in S and T . Therefore, the left-hand side of the second equation in (13) is zero, which requires a I p = 0, for consistency. So, in this case only the first equation in (13) gives non-trivial relation on the mixing elements. From this equation we obtain
where α and i are referred to the charged lepton and neutrino which are invariant under transformations. In this way, in principle, one can fix any element of the mixing matrix.
Possible values of the right-hand side in Eq. (29) are 0 (for a 2 ), 1/4 (for a 3 ), 1/2 (for a 4 ), and 0.65 or 0.08 (for a 5 ). The interesting possibility would be |U αi | 2 = 0.65 for a 5 , which is close experimental result for |U e1 | 2 . However, in the case of single T , it fixes α for the additional relation, which should be µ or τ . So, it can only fix one of the elements of the row which was already determined by S and T . To fix the element outside the fixed row by the first symmetry group relation one needs to introduce another transformation T , and therefore further expand the symmetry group.
VI. CONCLUSION
We have studied mixing of the Dirac neutrinos in the residual symmetries approach.
The key difference from the Majorana case (extensively studied before) is that the Dirac mass matrix may have larger generic (mass independent) symmetries: Z n with n > 2, with maximal symmetry being the product of three such factors. For the Majorana neutrinos only n = 2 is possible with the maximal symmetry Z 2 × Z 2 . Of course for the Dirac neutrinos also the case n = 2 is applied.
We generalized the symmetry group relations to the case of Dirac neutrinos and use them to explore new patterns of lepton mixing which can be obtained for the Dirac case. The residual neutrino symmetries Z n with n ≥ 3 have been explored.
We have found all new phenomenologically viable (within allowed 3σ region) relations between mixing parameters and the corresponding symmetry assignments. We presented the relations as predictions for the 2-3 mixing angle, θ 23 , and the CP phase, δ, in terms of the well-measured parameters sin 2 θ 13 and sin 2 θ 12 .
We find that for n ≥ 3 the viable solutions (relations) exist only if the charged lepton residual symmetry is G = Z 2 . In this case the symmetry fixes elements of a single row of the PMNS matrix. Viable solutions (for mixing angles) exist for n = 3 and the group A 5 , n = 4 and the group S 4 , n = 5 and the group A 5 . The solutions fix rather precisely θ 23 and
give rather large range of values of δ which is determined by the present uncertainty in θ 12 .
We found that introduction of the second S or T , which can fix all the mixing parameters, does not lead to consistent solution.
For bigger residual symmetry of the charged leptons, G = Z m with m > 2, the relations between the mixing matrix elements become more complicated, involving elements of both columns and rows. We checked that no viable solutions exist in this case. At the same time some interesting relations are realized which can be brought in agreement with data if some relatively small corrections (related to violation of the residual symmetries) are included.
In particular, the equality θ 23 = θ 12 is realized in D(3, 3, 2) = A 4 case. Corrections of the order 10% can lead to agreement with data.
The solutions we have found lead to discrete values of sin 2 θ 23 , determined by the symmetry group parameters. Future precise measurement of sin 2 θ 23 with accuracy ∼ 0.01 can discriminate among the possibilities. Also, the precise determinations of sin 2 θ 12 (e.g. by JUNO) will lead to precise prediction of the phase δ, and so future measurements of the phase will provide crucial checks of the obtained symmetry relations.
On the other hand, the identified viable symmetries and symmetry assignments will be useful for further model building.
